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Introduction

Background and Motivation

Lie groups are groups with special properties such that we can define and perform
calculus-like operations, like differentiation, over the group. As their name suggests, Lie
algebras are intimately related to Lie groups — every Lie group has an associated Lie
algebra, though the converse is not always true. Working with a Lie group’s associated
Lie algebra is often easier than working with the group directly, and understanding these

Lie algebras can enlighten us with information about its underlying Lie group.

Representation theory, on the other hand, looks to study objects, like Lie algebras, by
defining functions that send elements of the object to linear maps over a vector space.
These functions are called representations of the object. Hence, one of the obvious goals

in representation theory is to classify the representations of a given object.

In this report, we study the classification of finite-dimensional representations of the
Lie algebra sly (C). This is the smallest non-trivial member of a class of Lie algebras
known as complex semisimple Lie algebras. We isolate this particular example because
understanding the representation theory of sly (C) can provide us with significant insights

into classifying the representations of other complex semisimple Lie algebras.

Applications

Representation theory has myriad applications, so here we’ll list just a few. In chemistry,
representations of point groups aid in classifying molecules based on their symmetries
[7, Chapter 4]. In computer science, quiver representations offer an algebraic depiction
of neural networks [1]. Finally, in physics, quantum systems are often representations of
the Lie group Spin(3). This group’s corresponding Lie algebra, spin (3), is isomorphic
to the Lie algebra sos (R), and the complexification of so03 (R) is isomorphic to sl (C)
[8, Chapter 6].

Report Overview

This report is split into three sections. In the first section, we’ll introduce Lie algebras,
in particular slp (C) and gl (V'), and the homomorphism ¥, : sly (C) — gl (Vy). In the
following section, we’ll introduce Lie algebra representations and Lie modules, and we’ll
prove that the sly (C)-module Vj is irreducible. Then, in the final section, we’ll prove
that every finite-dimensional sly (C)-module is isomorphic to a Vg module and state a

special case of Weyl’s Theorem which classifies the completely reducible sly (C)-modules.



1 Lie algebras

1.1 Bilinear maps

To set the scene, a Lie algebra is a vector space V over a field F' together with a particular
map from V x V — V satisfying certain conditions. One these conditions is that the

map must be bilinear, in which case we call it a bilinear map.

Definition 1.1. (Adapted from [3, p.1]) Let F be a field and X, Y, and Z be F-vector
spaces. Then, consider a map * : X x Y — Z given by (z,y) — z *y. By fixing z € X
and y € Y, if for any o, 8 € F, any 1,29 € X, and any y1,y2 € Y, we have that
(axy + Bag) vy = a (w1 xy) + B (v2 ¥ y) ; (BM1)
zx (ayr + By2) = (@ xy1) + B (x * y2), (BM2)

then we call x a bilinear map and refer to x as bilinear.

We’ll now provide an example of a bilinear map. Given a finite-dimensional F-vector
space V', we let gl (V) denote the F-vector space of linear maps from V' to V. Defining
x:gl(V)xgl(V)—=gl(V)by fxg:=(fog)—(go f), we have the following lemma.

Lemma 1.2. * is a bilinear map.

Proof. Let f,g € gl (V) be fixed and let o, B € F be arbitrary. Then, for any
f1, f2 € gt(V'), we have that

(afi +Bf2) xg=(
= (
=a(fiog)+B(f209) —al(go fi) —B(go f2)
=a((fieg) = (90 /1)) +B((f209) — (g0 f2))
=a(fixg)+B(f2%9).

afi+Bf2)og) —(go (afi + Bf2))

(
(afi)og) + ((Bf2)og) — (9o (af1)) — (g0 (Bf2))

Thus, (BM1) is satisfied. Following a similar procedure, we have that

fr(agr+Bg2) = a(f*g1) + B(f * g2)

for any g1,¢92 € gl(V), so (BM2) is satisfied. Hence, * is bilinear. O

Remark 1.3. gl (V) will reveal itself to be a very important vector space later in this

report. We will mention here that if dim (V') =n > 1 and we fix the basis {e,...,en}

for V, then {6;; : 1 <, j < n} forms a basis for gl (V'), where ; ; : V' — V is defined by
€5, if k= i;

91‘,]' (ek) =
Oy, ifk#i;



and extending linearly. Hence, gl (V') has dimension n?

, S0 it is isomorphic to gl,, (F)
— the vector space of n x n matrices over F'. Moreover, we have an analogous bilinear
map given by XY — Y X, as stated in [2, p.3]. Due to the presence of this isomorphism,

we can (and will) use gl (V') and gl,, (F') interchangeably.
1.2 Lie algebras

Having introduced bilinear maps, we can now define a Lie algebra.

Definition 1.4. [2, p.1] A Lie algebra over a field F' is an F-vector space L together
with a bilinear map L x L — L given by (a, b) — [a, b], known as the Lie bracket, which

satisfies the following properties:

[a,a] = 0f, for any a € L; (LA1)
[a, [b, c]] + [b, [c,a]] + [c, [a, b]] = 0, for any a,b,c € L. (LA2)
NB: We will sometimes write [—, —] to refer to a (potentially arbitrary) Lie bracket on

L. Furthermore, we’ll often just say that L is a Lie algebra — omitting the mention of
the field F' and definition of the Lie bracket.

Before providing some examples of Lie algebras, we will first state a useful proposition

pertaining to the Lie bracket.

Remark 1.5. [2, p.1] Let L be a Lie algebra over a field F' and z,y € L. Then, by
(LAT1), we have that [x 4+ y, x + y] = 0r. By applying (BM1) and (BM2), we obtain

[z +y, z+yl = [z,2] + [z,9] + [y, 7] + [y,y] = OL.

Now, [z,z] = [y,y] = 0 by (LA1), hence we have that [z,y]+ [y, z] = Oz, which implies
that [.CL‘, y] == [yvx]

WEe’ll begin our examples with a class of Lie algebras known as abelian Lie algebras.

Example 1.6. [4, p.4] Given any F-vector space L, we can equip it with the Lie bracket
[z,y] = 0 for all z,y € L. By doing so, we have that (BM1), (BM2), (LA1), and (LA2)

are trivially satisfied, so L is a Lie algebra — referred to as an abelian Lie algebra.

For our next example, which is less trivial, we’ll show that gl (V') together with the

bilinear map * from Lemma 1.2 forms a Lie algebra.

Proposition 1.7. [2, Exercise 1.3] gl (V') with Lie bracket given by

[f,g] == (fog)—(g0f)

is a Lie algebra.



Proof. We have that [—, —] is bilinear by Lemma 1.2, so it remains to show that (LAT)
and (LA2) are satisfied. Firstly, let f € gl(V). Then, [f,f] = (fof)—(fof) =0.
Hence, (LA1) is satisfied. Next, let f,g,h € gl (V). Then, by dropping the use of o for
brevity, we have that

[fv[gvh]]+[ga[haf]]+[h’[f7g“ :[f?gh_hg]+[gahf_fh]+[h7fg_gf]
= f(gh—hg) — (gh—hg) f +g(hf — fh) = (hf —fh)g+h(fg—gf) — (fg—9gf)h
= fgh — fhg —ghf +hgf +ghf —gfh—hfg+ fhg+hfg—hgf— fgh+gfh=0.

Thus, (LA2) is satisfied, so we are done. O

Corollary 1.8. By Remark 1.3, gl,, (F') with bracket given by XY —Y X is a Lie algebra.

1.3 Lie subalgebras

We’ll now proceed by introducing some useful Lie algebra notions. The reader should be
familiar with the fact that vector spaces have substructures known as vector subspaces,
so it shouldn’t be too surprisingly that Lie algebras have substructures known as Lie

subalgebras.

Definition 1.9. [2, p.3] Let L be a Lie algebra with Lie bracket [—,—]. If L’ C L is a
vector subspace satisfying [z,y] € L' for all x,y € L', then we call L' a Lie subalgebra
of L.

Remark 1.10. Perhaps unsurprisingly, Lie subalgebras are themselves Lie algebras.
Since [x,y] € L' for all ,y € L', we can define a Lie bracket ¢ : L'> — L’ on L' by
l(x,y) = [z,y]. By doing so, L’ satisfies (LA1) and (LA2), so it is a Lie algebra.

We'll revisit Lie subalgebras in just a moment, but before doing so we’ll introduce the

Lie algebra that is of central focus in this report: sl (C).

Definition 1.11. [2, p.3] We define sly (C) by
sly (C) :={x € gl, (C) : tr (z) =0},
where tr (z) denotes the trace of .

Theorem 1.12. sl; (C) is a Lie algebra over C.

Proof. Our strategy will be to show that sly (C) is a Lie subalgebra of gl, (C). To begin,
by Corollary 1.8, gl, (C) is a Lie algebra over C. Hence, by Remark 1.10, it suffices to
show that sly (C) is a Lie subalgebra of gl, (C). To see that sly (C) is a vector subspace
of gly (C), we refer to [5, Theorem 3.1.6] to get that



tr (A\x +y) = tr (A\x) +tr (y) = Atr (x)+tr (y) = 0 for each A € C and each z,y € sly (C).
Next, by Definition 1.9, we must show that [z, y] € sls (C) for any z,y € sls (C), where
[z,y] := zy — yx. To do so, we will first fix the sly (C)-basis {e, f,h}, as is done in [2,

Exercise 1.12], where

) () L)

It is sometimes convenient to use Bi, Bo, and Bs in place of e, f, and h, so we will
use these two notations synonymously for the remainder of this report. Now, for any
x,y € sly(C), there exist z;,y; € C for 1 < ¢ < 3 such that z = 23:1 x;B; and
Y= Z?:1 y; B;. Therefore, we have that

(Bi/[2) Z:L’l Zyj [Bl, BJ] .

i=1  j=1

BM1
Yl = [Z%‘Bm > uiBi L )in
i=1 i=1 i=1
Hence, if [B;, Bj] € slp (C) for all 1 <,j < 3, then [z, y] is just a linear combination of
matrices in sly (C), so [z,y] € sly (C). Since B;, Bj € gl, (C) for all ¢, j, we immediately
have that [B;, Bj] = 0 whenever ¢ = j. We'll proceed by computing e, f], [e, h], and

(£, 1.
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Finally, we can apply Remark 1.5 to get that

[f?e] :—[B,f]:—h,
[h,e] = —[e,h] = 2e;
[h, f]=—[f,h] = —2f.

Thus, we have that [B;, B;| € slp (C) for all 1 < 4,5 < 3. Hence, [z,y] € sl (C) for all
x,y € sly (C), so sly (C) is a Lie subalgebra of gl, (C). O



1.4 Lie algebra homomorphisms

We’ll conclude this first section of the report by discussing homomorphisms between Lie
algebras. These homomorphisms are central to the notion of Lie algebra representations,

which will be introduced in the following section.

Definition 1.13. [2, p.4] Let L and Ly be Lie algebras over a field F. Then, the map
¢ : L1 — Ly is a homomorphism if ¢ is a linear map and ¢ ([z,y]) = [¢ (z), ¢ (y)] for

all x,y € L. If, in addition to this, ¢ is bijective, then we call ¢ an isomorphism.
We’ll now give a simple example of a Lie algebra homomorphism.

Example 1.14. If L; and Ly are abelian Lie algebras over F' and ¢ : L1 — Ls is a
linear map, then ¢ ([z,y];,) = ¢ (0z,) = 0z, and [¢ (x),¢ ()], = Oz,. Hence, ¢ is a

Lie algebra homomorphism.

Before giving our next example, we’ll show that it’s sufficient to just check that ¢
preserves the Lie bracket on the basis vectors of L1, which will make verifying whether

© is a Lie algebra homomorphism much easier.

Proposition 1.15. Let L; and Ly be Lie algebras over a field ' and let ¢ : Ly — Lo

be a linear map. Then, ¢ is a Lie algebra homomorphism if and only if

o ([0.0]) = [0 (0), 0 (V)]

for each b, b’ € B, where B is a basis for L.

Proof. ( =) This direction follows immediately from Definition 1.13.

( <) For the reverse direction, let B := {Ay : k € K} be a basis for Li, where K is
some indexing set, and suppose that ¢ ([4s, A¢]) = [p (As), ¢ (A)] for any s,t € K.
Now, let =,y € Li. Then, we have indexing sets I,J such that z = ) ,.; \;4; and
y = ZjEJ pjAj, where A\;, u; € F for each 7,j. Thus, by the bilinearity of [—, —], we
have that

e (z9) =¢ ([Z AiAi, ZujAjD = (ZZMM [AhA]-]) .

iel jeJ il jed

Since ¢ is linear, this becomes

DD dime (A Al =D 0 iy o (4) 0 (4))].-

iel jeJ iel jeJ
Then, by bilinearity of [—, —] and linearity of ¢, this becomes
D X (Ai),> e (A) | = | (Z Mh—) | DA || =le @), e ).
il jet i€l jeJ




We’ll now introduce a somewhat cryptic looking class of Lie algebra homomorphisms.
Later, we’ll uncover the fundamental relationship between this class of homomorphisms

and the representations of sly (C).

Example 1.16. [2, pp.67-68] We let C[X,Y] denote the vector space of polynomials
in two variables X and Y with complex coefficients. Then, for each integer d > 0,
we let Vg be the vector subspace of C[X,Y] consisting of all vectors of the form
Ei:o A X4 Y™ where A\, € C for all 0 < n < d. By this construction, it’s easy
to see that {Xd_”Y” :0<n< d} forms a basis for V3. Now, for each d, we will de-
fine a Lie algebra homomorphism ¥, : sl (C) — gl (V) by specifying how ¥, acts on
the basis vectors of sly (C) and extending linearly. Using the same sly (C)-basis as in
Theorem 1.12, we define

0 0 0 0

Theorem 1.17. [2, Theorem 8.1] ¥, : sly (C) — gl (V}) is a Lie algebra homomorphism.

Proof. [2, pp.68-69] By construction, ¥, is a linear map, so by Proposition 1.15, it
suffices to show that W, ([B;, Bj]) = [¥q (B;), V4 (Bj)] for each 1 < 1,5 < 3. To begin,
if ¢ = j, then

Wa([Bis Bi) "2 Wa (0u0) = Oy 2 [Wa (B) W (By)).
Next, we want to verify the following:
Wa(le, f]) = [Wal(e), Ya (f)]; (1)
Wy (e, h]) =[Yaq(e),Vq(h)]; (2)

We mention that if d = 0, then (1), (2), and (3) trivially hold since ¥q (¢) is the zero
map for every £ € sly (C), so we’ll assume that d > 1.

Starting with (1), we have that

0 0
‘I’d([e»f])—‘l’d(h)—Xa—X—Ya—Y-
Now,
dxe, if n=20;
0 0 de
Y v < nyn _ d e
(XBX Y8Y>X Y dy?, if n =d;

(d—2n) XY™, ifl<n<d



Since [Ty (e),Yq(f)] =¥g(e)oWy(f) —Vq(f)o¥y(e), we have that

W), W ()] (X) = X oo (ygiX (Xd)> 2 <Xaiy (Xd))

0 A1 15)
= Xy (X TY) =¥ 52 0)
=dx“.

Similarly,

W (), W (1] (V) = X o (yaiX (yd)) v (Xaiy (w))

Finally, we check the action on X% Y™, where 1 < n < d, obtaining

a(e) wa (1] (X7 = X (Vo (x0vm) ) v (e ()

oy " 90X 0X oy
_ XaiY ((d— n) Xd—n—lyn+1) _ YaiX (nXd—n—l—lyn—l)

=(d-n)(n+1) XYY" —n(d—n+1) X4 yn
=({(d=n)(n+1)—n(d—n+1)) X4 "y"
(dn+d—n —n —nd+n? —n)Xd ny”m

= (d —2n) X "y™,

Hence, we’'ve shown that U, ([e, f]) and [¥y (e), P4 (f)] agree on a basis of Vj, so they
are the same linear map. Thus, (1) is true. In the proof of Theorem 1.12, we showed

that [f,e] = —[e, f]. Therefore,

(1) = —Ya(le, f]) = = [Wale), ¥a(f)].

By the linearity of ¥; and Remark 1.5, we then get that

Uy (=le, f) =VYa([fre]) == [Vale), Ya(f)] = [Yalf),Vale)].

For brevity, we will omit showing that (2) and (3) hold, though the approach is the
same as how we proved (1). Moreover, in an identical fashion, we can use (2) and (3)
respectively to show that U, ([h,e]) = [q(h), Vg (e)] and Wy ([, f]) = [Pq (h), Ta(f)]
Hence, ¥4 ([Bi, Bj]) = [V (B;), Y4 (Bj)] for each 1 <14, j < 3, so we are done. O



2 Representations of Lie algebras

2.1 Representations

Having introduced enough Lie algebra machinery in the previous section, we have now

arrived at a place in which we can talk about Lie algebra representations.

Definition 2.1. [2, pp.53-54] Let L be a Lie algebra over a field F. A representation
of L is a Lie algebra homomorphism ¢ : L — gl(V'), where V is a finite-dimensional
vector space over F'. Furthermore, if ¢ is injective, then we say that it is a faithful

representation.

Example 2.2. ¥, : sly (C) — gl (V) from Theorem 1.17 is a representation of sly (C)
for each d > 0.

Example 2.3. Adapted from [2, p.54], we have that ¢ : sls (C) — gl, (C) given by z — =
is a faithful representation of sly (C) since it’s clearly injective and
L[z, y]) =2y —yz = [ (), (y)],

so it’s a Lie algebra homomorphism.

2.2 Lie modules and submodules

In isolation, the following definition might seem entirely unrelated to the previous, so
we’ll provide some context first (motivated by [2, pp.55-56]). If we let ¢ : L — gl (V)
be a representation of L, we have that ¢ (¢) is a linear map from V' — V for each ¢ € L.
Hence, ¢ (¢) (v) € V for each £ € L and each v € V. This gives us a natural way of
defining a map from L x V — V. However, this map has a nice property of interest.

Since ¢ is a homomorphism, we have, by Definition 1.13, that

([, y) =lp (@), pW)]=p@)op(y) —py)op ()

for all z,y € L. By defining ¢ - v := ¢ (¢) (v) for each ¢ € L and each v € V, using the

above equation, we have that

[yl v=2-(y-v) -y (z-v).

for all z,y € L and all v € V. Through this lens, we have a clearer picture of how ¢ € L
“acts” on the vector space V. Appropriately, we refer to ¢ (¢) as the action of £ on V.

This motivates our next definition.

Definition 2.4. [2, p.55] Let L be a Lie algebra over a field F. A Lie module for

L, or L-module, is a finite-dimensional F-vector space V together with a bilinear map



LxV —=V:({v)—{- v satisfying

[z, y] v=a-(y-v)—y- (z-0). (LM1)

NB: When it’s contextually obvious, we may omit the use of the - symbol. That is,
we’ll write fv instead of ¢ - v. Furthermore, we’ll use the notation ¢* - v, where I°-v = v

andlkmzzﬁ-(ﬁk*l-v) for k > 1.

Using what we’ve discussed above, one can take a representation ¢ : L — gl(V) of
L and show that (LM1) is satisfied by defining ¢ - v := ¢ (¢) (v) for each ¢ € L and
each v € V. It shouldn’t come as much of a surprise that this map is bilinear (see [2,
p.56]). This means that we can transform any representation of L into a Lie module for
L. Naturally, one might ask whether we can do the reverse. That is, can we obtain a

representation of L from a Lie module for L?

Proposition 2.5. [2, Exercise 7.2] Let L be a Lie algebra over a field F' and V an
L-module. Define ¢ : L — gl (V') by letting ¢ (¢) be the linear map ¢ (¢) : V. — V given

by v — £-v. Then, ¢ is a representation of L.

Proof. Firstly, ¢ (M + k) is the linear map (A + k) - v, where £,k € L and X\ € F. By

bilinearity of -, we have that
(M+E)-v=XX{l-v)+(k-v)=Xp(0) + ¢ (k),

S0 @ is a linear map. Next, consider ¢ ([z,y]) for z,y € L. By construction, ¢ ([x,y]) is

the linear map v — [z,y] - v. Hence, we have that

w0 "2 a0 — g (@v) = e (@) o) — (W) o e (@) = [p ()0 ()],

so ¢ is a Lie algebra homomorphism. O

This correspondence between Lie modules and representations means that we can use

the two notions interchangeably.

2.3 Submodules and irreducible modules

We’ll now introduce some Lie modules constructs.

Definition 2.6. [2, p.57] Let V be a Lie module for the Lie algebra L. A submodule of
V is a subspace W of V such that ¢-w € W for each £ € L and each w € W.

Given any Lie module V for the Lie algebra L, we clearly have that {Oy} and V are
subspaces of V. Trivially, V is a submodule of itself, and ¢- 0y = 0y € {0y} for any

10



¢ e L, so {0y} is a submodule of V. Hence, we’ll refer to these submodules as the trivial

submodules of V. This leads us to our next definition.

Definition 2.7. [2, p.58] The Lie module V is said to be irreducible if V' is non-zero

and its only submodules are trivial.
We’ll return to irreducible modules shortly, but firstly we’ll introduce another definition.

Definition 2.8. [2, Exercise 7.3] Let V be a module for the Lie algebra L. For any
v € V, we define the submodule generated by v, which we denote 5, to be the span of

all elements of the form
El(ﬁg(ﬁnv)),
where ¢1,...,¢, € L and n > 1.

To illustrate this definition, we’ll provide a short example.

Example 2.9. Consider the module V5 for sl (C). We'll proceed to determine to
submodule generated by X? € V. Firstly, we'll fix the standard basis {e, f,h} for
sly (C). We then have that f- X2 =2XY, so f- (f : X2) = 2Y2. Furthermore, we have
that h- X2 = 2X?2. Since {XQ, XY, Y2} forms a basis for V3, it follows that

span {2X?, 2XY, 2Y?} = span {X?, XY, Y?} = V5.
Thus, the submodule generated by X2 is V5 itself.

While this might seem like a lucky coincidence, the following lemma will prove otherwise;

which was motivated by generalising [2, Exercise 8.1].

Lemma 2.10. Consider the module V; for sly (C) with d > 1. Then, for any non-zero
v € Vg, the submodule generated by v is V.

Proof. Let {e, f,h} denote the standard basis for sly (C) and fix the basis
B:={X¢ X4y, ..., XY91 Y7} for V4. Now, by letting v # Oy, € Vy, we have that
v can be expressed as a linear combination of vectors in B. Let XY, where a + b = d,
be the basis vector in this linear combination with non-zero coefficient, say A, such that
a is maximal. Now, if a # 0, then

ald!
(d—j)!
for each 0 < j < d. That is, for each j, we generate a unique non-zero scalar multiple
of an element of B, so span {ej (frv):0<5< d} = V4. On the other hand, if a = 0,
then we must have that v = AY'%, in which case

d!

J.opy— _ " \xJiyd—J
e v—(d_,)!)\XY

11

el (f*v) = AXTyd=i



for 0 < 57 < d. Hence, by the same argument, span {ej v:0<5< d} =Vy. O

We’ll now show that there is a connection between irreducible modules and generated

submodules.

Lemma 2.11. (Modified version of [2, Exercise 7.3]) Let V' be a module for the Lie
algebra L. If for any non-zero v € V we have that S, =V, then V is irreducible.

Proof. Suppose that S, = V for every non-zero v € V and that V is not irreducible.
Then, there exists a non-trivial submodule W of V. By Definition 2.6, we have that
¢-w e W for every £ € L and every w € W. Therefore, ;- (b2-...- (b -w)...) €W
for every #1,...,0, € L and w € W. Hence, if we take w to be non-zero, S, must be a
subspace of W, but S,, = V, giving contradiction. Therefore, such a W doesn’t exist,

so V is irreducible. O

By combining the previous two lemmas, we can now immediately prove the following

theorem.

Theorem 2.12. [2, Theorem 8.2] The sl (C)-module Vj is irreducible for every d > 0

Proof. By Lemma 2.10, if d > 1, then S, = V; for any non-zero v € Vg, so Vg is
irreducible by Lemma 2.11. Then, since ¢ - v = 0 for every ¢ € sl (C) and v € Vp, we
have that the only submodules of Vj are Vj itself and {0}, so Vj is irreducible. O

We’ll now conclude this section with a definition which alludes to our next objective.

Definition 2.13. [4, p.25] Let V and W be Lie modules for the Lie algebra L. Then,
a Lie module homomorphism from V to W is a linear map 6 : V — W such that
0(f-v)=1L-0(v)forallveV and all £ € L. If 0 is bijective, then it is an isomorphism

of Lie modules.

3 Classifying sl; (C)-modules

3.1 Irreducible sl; (C)-modules

This is a good place to pause briefly to discuss what we’ve been working towards so far.
We now know that sly (C) has an infinite family of irreducible modules: the V. The
ultimate goal would be to classify (i.e. up to isomorphism) every sly (C)-module. A
slightly less lofty goal is to classify just the irreducible modules, though this will require

some work. We’'ll start things off with a simple result.

12



Proposition 3.1. [2, p.71] Suppose that d; # da. Then, we have that Vg, 2 Vg,.

Proof. [2, p.71] Since dim (Vg,) = di + 1 # dim (V) = d2 + 1, V, and Vj, are not
isomorphic as vector spaces. Clearly any Lie module isomorphism is a vector space

isomorphism, so we must have that Vg, 2 Vy,. |

Thus, each Vy lies in a distinct isomorphism class. What is not at all obvious is that
every irreducible sls (C)-module is isomorphic to one of the V. To prove this, we’ll first

need some results relating to the eigenvectors of the action of h € sly (C).

To provide a little context, if we have a representation ¢ of sly (C), then ¢ (h) is a linear
map from V to V. Therefore, we can represent ¢ (h) as an n x n matrix H € gl,, (C),
where n = dim (V). By the Fundamental Theorem of Algebra, H has at least one
eigenvalue in C, hence at least one eigenvector. To proceed, the first thing that we're

going to do is investigate the actions of e and f on an arbitrary H-eigenvector.

Lemma 3.2. [2, Lemma 8.3] Let V be an sls (C)-module and suppose that v € V' is an

eigenvector of H with eigenvalue A € C. Then, we have that:
(1) Either e-v =0y or e- v is an eigenvector of H with eigenvalue A + 2.

(2) Either f-v =0y or f-v is an eigenvector of H with eigenvalue \ — 2.

Proof. [2, p.71] For (1), by (LM1), we have that h- (e-v) =e- (h-v) + [h,e] - v. Now,
since v is an eigenvector of H with eigenvalue A, we have that h - v = Av. Then, since

[h,e] = 2e, we obtain

h-(e-v):e-()\U)+2e~v(Bi/m)/\e-v—i—Qe-w(Bl\:/u) (A+2)e-wv,

which implies (1). For (2), the calculation is very similar. By (LM1), we have that
h-(f-v)=f-(h-v)+[h, f]-v. Since [h, f] = —2f, we get that

BM2

ho(fv)=e- Q) 2f 0 B Np oy gy P

AN=2)f-wv,
which implies (2). O
This result shows that it’s possible for H to have an eigenvector v such that e - v = Oy

or f-v = 0y. Next, we’ll show that H always has eigenvectors w; and wy such that

e-wi; =0y and f - wy = Oy

Lemma 3.3. (Extension of [2, Lemma 8.4]) Let V be an sly (C)-module. Then, V

contains H-eigenvectors wi and ws such that e - wy = 0y and f - wo = Oy

13



Proof. [2, p.71] Suppose that v € V' is a H-eigenvector with eigenvalue A. Then, consider

the following two infinite sequences of vectors:

v,e-v, e v, e v, ... (1)
v, fou, f2ou, f2ou, . (1)

If each vector in (}) is non-zero, then, by Lemma 3.2, each vector in (}) is a H-eigenvector
with eigenvalue A, A + 2, A + 4, A + 6, ... respectively. Since each of these eigenval-
ues is distinct, this implies that () is an infinite sequence of linearly independent H-
eigenvectors. However, V is finite-dimensional, so this is absurd. Thus, there must exist

k

some k > 0 such that e¥ - v # 0y and €1 . v = 0y. By setting w; := e - v, we get that

h-w; = (A4 2k)w; and e - w; = Oy, as required.

Similarly, if each vector in (f) is non-zero, then we have an infinite sequence of linearly
independent H-eigenvectors with eigenvalues A\, A — 2, A — 4, A\ — 6, ... respectively.
Therefore, there exists some j > 0 such that f/-v # 0y and f/*!.v = 0. Upon setting
wo := f7 v, we have that h - ws = (A — 2j) wy and f - ws = Oy. O

This result shows that, for a given sls (C)-module V', the set {fi 0:0<1 < d} is a
set of non-zero H-eigenvectors, where d + 1 is the smallest positive integer such that

fE+1 .y = 0y. We will now show that this set of vectors forms a basis for V.

Lemma 3.4. [2, p.72] Let V be an irreducible sl (C)-module, v € V' a H-eigenvector
of eigenvalue A, and d + 1 the smallest positive integer such that f%+!.v = 0y,. Then,
B := {fi~v:0§i§d} forms a basis for V and \ = d.

Proof. [2, p.72] By Lemma 3.2 (2), we know that each of the b € B are H-eigenvectors
with distinct eigenvalues, so they are linearly independent over V. Therefore, span (B)
is a subspace of V. By Definition 2.6, for span (B) to be a submodule of V', we require
that ¢ - b € span(B) for each ¢ € sly(C) and b € span(B). By the bilinearity of
-, it suffices to check that ¢ -b € span (B) for each ¢ € {e, f,h} and b € B. Since
each b € B is a H-eigenvector, we clearly have that h - b € span (B) for each b € B.
Furthermore, f - b € span (B) for each b € B by construction. Thus, it remains to show

that e - b € span (B) for each b € B. To do so, we will prove, by induction on 7, that
e- (fi -v) € span (B),

where v € V is a H-eigenvector with eigenvalue A # 0. Firstly, if ¢ = 0, then e- (fi . v) =
e-v = 0y € span (B). For the inductive step, suppose that e - (f*~! - v) € span (B) for
some 1 <i—1 < d. By considering e - (fz . v), we have that

e (ffv)=e(F-(f770)).

14



Letting u := f*~! - v, this becomes

(LM1)

e (f-u) f-(e-u)+e fl-u=f-(e-u)+h-u

By the inductive hypothesis, e - u € span(B), so f - (e-u) € span (B) since e - u can
be written as a linear combination of vectors in B and f - b € span (B) for each b € B.

Furthermore, by the proof of Lemma 3.3, h-u = (A —2(i — 1)) u € span (B), thus
f-(eru)+h-u=e- (f’v) € span (B) .

Therefore, e - b € span (B) for each b € B, so B forms a basis for a submodule of V.

Then, since V is irreducible and v # Oy, this submodule must be V' itself.

Now, to show that A = d, we first observe that H, with respect to the V-basis B, is
given by the d +1 X d + 1 matrix

A 0 0 0

0 x—2 ... 0 0

: : . : € gly1 (C).
0 0 - A=2(d=1) 0

0 0 0 A—2d

Hence, tr (H) = Z?:o A—2i=(d+1)XA—(d+1)d. Now, we can introduce matrices
E,F € gly,, (C) corresponding to the actions of e and f on B. Since H = [E, F|, by

using the properties of the trace in [5, Theorem 3.1.6], we have that
tr (H) =tr (EF — FE) =tr (EF) —tr (EF) = 0.
Thus, tr (H) = (d+ 1) XA — (d+ 1)d = 0, so we must have that A\ = d. O

It’s easy to see that |B| = |Vy| = d+ 1. Therefore, we have that V' and Vj; are isomorphic
as vector spaces. To show that V' and V; are isomorphic as Lie modules, we will find an

explicit isomorphism.

Theorem 3.5. [2, p.72] If V is an irreducible sl (C)-module, then V' = Vj for some
d>0.

Proof. [2, pp.71-72] Applying Lemma 3.4, we get that V' has basis {fk c0:0<k< d}.
Furthermore, by repeatedly applying f to X¢, we can see that

d!

Xd—kyk
(d—k)!

froxd =

for each 0 < k < d. Since f*- X% is always a scalar multiple of a unique vector in the
standard Vy-basis {X”Yd_” 0<n< d}, we have that {f’C X4 0<k< d} is a basis
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for V. In Lemma 3.3, we saw that f* - v is a H-eigenvector with eigenvalue \ — 2k for
each k. Furthermore, by Lemma 3.4, we have that k = d, so f*- v has eigenvalue d — 2k

for each k. Next, we proceed by computing h - ( kX d).

d! d!
h- (fk-Xd> —h- <(d_k)!Xd_kYk> = (d — 2k) (d_k)!Xd_kY’“ = (d—2k) f*. X1

Thus, f*- X and f* - v are both H-eigenvectors with the same eigenvalue. Now, we
want to define a Lie module isomorphism 6 : V — V;. By Definition 2.13, 8 must
commute with the action of h. For this to be the case, f must map H-eigenvectors to
H-eigenvectors with the same eigenvalue. Hence, we define 6 by 6 (fk . v) = fF. X% for
each 0 < k < d and extending linearly. Since V and V; have the same dimension, 0 is
clearly a vector space isomorphism that, by construction, commutes with the actions of
f and h. For 6 to be a Lie module isomorphism, it must also commute with the action

of e. Therefore, we will show that

e 0(rrv)=0(c(sv)) (+)

for each 0 < k < d by induction on k. For the base case, let £k = 0. Then,
eﬂ(fk-v) =ec-0(v)=c-X!=0y,

and
9(6' <fk-v>> =0(e-v)=6(0y)=0y,.

Hence, (%) is satisfied. For the inductive step, suppose that (x) holds for some 1 < k < d.
Then, we have that

O(c- (F0) =0 (F () "=V 0(f (e (f50) + e f1- (* )
:f~9(e~(fk~v))+h-9(fk-v). (t)
By the inductive hypothesis,
F0(e (1 0)=F(e-(0(f50) "= e (- (0 0)) +1fre] -0 (£ v)
=e-0(ff*v)—h-0(fFv). (1)

Combining (}) and (f), we obtain

e(e.(f’f“-v)):e.9<f’f+1.u>.

Thus, by induction, () holds for all 0 < k < d. Now, since # commutes with the actions
of e, f, and h, by the bilinearity of -, £- 0 (v) = 6 (£-v) for every £ € L and v € V', s0 6

defines an isomorphism between V' and V. O
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3.2 Completely reducible sl; (C)-modules

We have successfully classified all of the finite-dimensional irreducible sly (C)-modules.
To bring things to a close, we will introduce a new class of sly (C)-modules and briefly

talk about their classification.

Proposition 3.6. (Motivated by [6, p.10]) Let U and W be L-modules. Then, U & W
— with & referring to the direct sum of U and V' as vector spaces — is an L-module,
where we define

- (u,w) = (- u, £-w)

for each £ € L, each u € U, and each v € V.
Proof. We must verify that (LM1) is satisfied. Hence, by letting (u,w) € U & W and
x,y € sly (C), we get that
[z, y] - (u,w) = (zy —yx) - (u,w) = ((zy —yz) - u, (zy —yz) - w). ()
Since U and V are sl (C)-modules, we can apply (LM1) to both components to obtain
(1) = ((zy) u = (yx) u, (xy)v = (yz)v) = ((zy) u, (zy)v) = ((yz) v +yz (v))
= (zy) (u, w) = (yx) (u, w) = (2y — yz) - (u, w).

Thus, (LM1) is satisfied, so U @ W is an L-module. O

This notion motivates our next definition.

Definition 3.7. [2, p.59] Let V be an L-module. Then, we say that V is completely

reducible if V = EB?:l U;, where each U; is an irreducible L-module and n > 1.

In the case of sly (C), as we proved in Theorem 3.5, every irreducible sly (C)-module is
isomorphic to some V;. Hence, if V' is a completely reducible sly (C)-module, then V/
can be written as a direct sum of the V; modules. What is perhaps a surprising result
is that every finite-dimensional sly (C)-module is completely reducible. This is a special

case of Weyl’s Theorem [2, Theorem 8.7], which we will not be proving.

Theorem 3.8. If V is a finite-dimensional sl (C)-module, then V' can be written as a

direct sum of finitely many V; modules.

This result truly showcases the importance of the V; modules — they fully control the

structure of all of the finite-dimensional sly (C)-modules.
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Closing Remarks

Report Summary

WEe’ll conclude this report by summarising what we’ve covered, then we’ll discuss a few

possible topics for further study.

(1)

(2)

(3)

(4)

(5)

(6)
(7)
(8)

(9)

(10)

sly (C) is the Lie algebra consisting of 2 X 2 complex matrices with zero trace, with

Lie bracket given by [z,y] := 2y — yx. The set {e, f, h} forms a basis for sl (C),

) ()l

gl (V) is the Lie algebra consisting of all linear maps from V to V, where V is a

where

finite-dimensional F-vector space, with Lie bracket given by [f,g] := fog—go f.
Furthermore, gl (V') is isomorphic to gl,, (F') — the vector space of n x n matrices

with entries in F', where n = dim (V).

A Lie algebra homomorphism between Lie algebras L and Lo is a linear map

¢ : L1 — Lo such that ¢ ([z,y]) = [¢ (z), ¢ (y)] for each z,y € L.

The map Uy : sly (C) — gl (Vy) is a Lie algebra homomorphism for each d > 0.
We define ¥, by

0 0 0 0

A representation of the Lie algebra L is a Lie algebra homomorphism of the form
¢ : L — gl(V), where V is a finite-dimensional vector space. Our canonical

example is Wy, which is a representation of sly (C) for each d > 0.
Representations can be transformed into Lie modules and vice-versa.
Irreducible modules are non-zero modules whose only submodules are trivial.

Every finite-dimensional irreducible sls (C)-module is isomorphic to one of the Vj

modules.

An L-module is completely reducible if it is isomorphic to a direct sum of finitely

many irreducible L-modules.

Weyl’s Theorem states that every finite-dimensional sl (C)-module is completely

reducible, hence can be written as a direct sum of the V; modules.
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Further Directions

% A very natural extension of this report would be to prove Weyl’s Theorem for
sl (C). We could then look into how one might prove the more general case of

Weyl’s Theorem which applies to any complex semisimple Lie algebra.

% As we stated in our introduction, every Lie group has an associated Lie algebra.
The Lie group associated to sly (C) is SLg (C) — the group of 2x2 complex matrices
with determinant 1, with the group operation given by matrix multiplication. We
could hence investigate the connections between the representations of sly (C) and

the representations of its underlying Lie group.

** When we defined a Lie module back in Definition 2.4, we stated that V was a finite-
dimensional vector space. We could extend this definition by permitting V' to be
infinite-dimensional and examine some examples of infinite-dimensional sly (C)-
modules. Interestingly, not only does sly (C) have infinite-dimensional modules,
but it has infinite-dimensional irreducible modules. An example of this, belonging

to class of modules known as Verma modules, is given in [2, Example 15.12].

Acknowledgements

I’d like to extend my thanks to my supervisor, Vanessa, for her helpful feedback and for

proposing the topic of this report.

Bibliography

[1] M. Armenta and P.-M. Jodoin. The representation theory of neural networks. Math-
ematics, 9:3216, 12 2021.

[2] K. Erdmann and M. J. Wildon. Introduction to Lie Algebras. Springer, London,
2006.

[3] W. Greub. Multilinear Algebra. Springer, New York, NY, 1978.

[4] J. E. Humphreys. Introduction to Lie Algebras and Representation Theory. Springer,
New York, NY, 1972.

[5] N. Johnston. Introduction to Linear and Matriz Algebra. Springer, 2021.
[6] V. Mazorchuk. Lectures on sly (C)-modules. Imperial College Press, 2010.
[7] D. J. Willock. Molecular Symmetry. Wiley, 2009.

[8] P. Woit. Quantum Theory, Groups and Representations. Springer Cham, 2017.

19



